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Krylov Subspace Restart Scheme for Solving Large-Scale Sylvester
Equations
Mian Ilyas Ahmad, Imad Jaimoukha and Michalis Frangos
Abstract— The development of efficient interior point methods has greatly enlarged the range of control problems with
feasible numerical solution. These methods are nevertheless difficult to solve for large-scale problems. In this paper we suggest
the use of a Krylov subspace technique for the efficient lowrank approximate solution to large-scale Sylvester equations.
The suggested method is a novel restart scheme which improves
further the computation efficiency and storage requirements of
the standard Krylov subspace methods for the solution of largescale Sylvester equations.

The reduced order Sylvester equation is obtained by projection using bases of suitable Krylov subspaces obtained by
Krylov subspace approximation (reduction) techniques [1].
An extension of the Arnoldi method [2] belonging in the
class of Krylov subspace reduction techniques is utilized in
this paper. A survey on the Krylov subspace methods for the
solution of large-scale Sylvester equation can be found in
[6].
The contributions of the paper are listed below;

I. I NTRODUCTION

•

In this paper, we present a Krylov subspace method for
the solution of the Sylvester equation,
AP + P ÂT + B B̂ T = 0,

(1)

where A ∈ Rn×n , Â ∈ Rn̂×n̂ , B ∈ Rn , B̂ ∈ Rn̂ and
P ∈ Rn×n̂ . It is assumed that A and Â are large and sparse.
The results presented in this paper are also valid for the
solution to large-scale Lyapunov equations which is the case
where Â = A and B̂ = B.
The Sylvester and Lyapunov equations play an important
role in control theory, signal processing, model reduction,
filtering and image restoration; see, for example, [5], [4], [17]
and the references therein. Existing direct methods for solving the Sylvester equation (e.g. the Bartels Stewart method
[3] and the Hammerling Method [14]) are not suitable for
sufficiently large values of n or n̂ due to their computational
complexity. To overcome the computational complexity of
the direct methods, iterative algorithms, based on Krylov
subspace techniques, have been proposed in the literature,
e.g., [15], [13], [21], [16]. Furthermore, the Krylov subspace
methods make use of sparsity which is present in many largescale problems (sparsity for example is a natural result of the
discretizing methods of partial differential equations).
Krylov subspace projection methods are based on obtaining low-rank approximate solutions to the large-scale
Sylvester equation, such that the approximate solution belongs in a subspace of dimension that is much smaller than
the dimension of the space the exact solution belongs to.
This technique, as it will be described in a following section,
requires the solution of a reduced order Sylvester equation.
Mian Ilyas Ahmad and Imad Jaimoukha are with the Department of
Electrical and Electronics Engineering, Control and Power Group, Imperial College London, UK. mian.ahmad07@imperial.ac.uk
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Aerospace Computational Design laboratory, Massachusetts Institute of
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•

Existing Krylov subspace techniques for the solution
of the Sylvester equations are based on approximations
obtained by the standard Arnoldi method. However
the reduced order models obtained by the standard
Arnoldi methods provide poor approximations at low
frequencies. In this paper we propose the use of the rational Arnoldi algorithm [10], [12]. The rational Arnoldi
algorithm constructs interpolating approximations of the
original system around multiple interpolation points,
which are, in general, more accurate than the approximations obtained by the standard Arnoldi methods. The
exploitation of the rational Arnoldi algorithm in the
restart scheme was possible due to the derivation of a set
of simple Arnoldi-like equations in [8] which describe
the rational Arnoldi algorithm.
In [7], [9] a parameterization of a set of interpolating
approximations (and a parameterized set of Arnoldi-like
equations in the rational case) was derived in terms of
a free parameter. A proper choice of the free parameter
allows the preservation of some of the properties of
the original system such as stability, passivity, etc. [9].
In this work we utilize the parameterized Arnoldilike equations derived in [9], for the implementation
of the proposed restart scheme; a proper choice of
the free parameter on every restart iteration allows
the improvement in computation efficiency and storage
requirements with respect to the standard Krylov subspace methods for the solution to large-scale Sylvester
equations. In addition, we show that, in the case of the
Lyapunov equation, the error between the approximated
solution obtained by the proposed restart scheme and the
actual solution of the Lyapunov equation is decreased
monotonically on every restart iteration.

In Section II the projection framework for model reduction
is briefly described and additional necessary background
information is also given such as the derivation of the parameterized set of approximations in terms of a free parameter
and the Krylov subspace technique for the approximate

A?!G

solution to the Sylvester equation. In Section III the proposed
restart scheme is analyzed in detail which is based on the low
rank residual error expressions derived in Section IV. It is
shown in Section V that the approximation through the restart
scheme approaches monotonically to the actual solution of
the Lyapunov equation. Numerical examples of the proposed
method can be found in Section VI and finally, conclusions
are drawn in Section VII.

Vm ⊇

II. BACKGROUND T HEORY
In this section, we provide background material for the
proposed restart scheme; Krylov subspace projection methods, parameterization of the approximations and Krylov subspace techniques for the solution of the Sylvester equation.
A. Model reduction by projection
Consider a linear system of large state dimension n, with
transfer function as,
G(s) = (sI − A)−1 B.

(2)

The model reduction problem seeks a system of reduced
state dimension m # n, such that it’s transfer function Gm
provides an accurate approximation of G. In the literature
there exists a variety of methods for model reduction [1].
The projection framework techniques seek approximations
of the system which belong to a low m-dimensional subspace Vm . In this paper we use Krylov subspace projection
techniques, which are efficient iterative methods suitable for
the approximation of very large and sparse models.
Suppose a matrix Vm ∈ Rn×m is computed as the basis of
the subspace Vm , then the approximation of G is given by
Gm (s) = Vm Fm (s),

(3)

where Fm (s) = (sI − Ã)−1 B̃ in which Ã ∈ Rm×m and
B̃ ∈ Rm are the reduced order matrices. The residual
error associated with the approximation in (3) is defined as,
R(Fm (s)) := B − (sI − A)Vm Fm (s). Requiring that the
residual error is orthogonal to a subspace Wm , such that the
Galerkin condition Wm ⊥ R(Fm (s)) is satisfied, yields the
reduced order model of G given by
Gm (s) = Vm (sEm − Am )−1 Bm ,

the approximation. An enhanced version of the Arnoldi
method is the rational Arnoldi method [12], which provides
accurate approximations at a wide range of frequencies while
keeping the order of the approximation m low; for this reason
we are motivated in utilizing the rational Arnoldi method.
The rational Arnoldi method constructs orthogonal bases
of the union of Krylov subspaces Vm (and Wm ),

(4)

T
T
T
where Em = Wm
V m , Am = W m
AVm and Bm = Wm
B are
reduced order matrices and Wm is a basis of Wm .
The quality of the approximation of the reduced model
depends on the selection of the bases Wm and Vm . For
example, constructing orthogonal bases of suitable Krylov
subspaces yields reduced models that retain the dominant
moments of the large scale system. In the ‘standard’ Arnoldi
method [2] Wm = Vm and the matrix Vm = Wm is
constructed as an orthonormal basis of the following Krylov
subspace,

Vm = Km (A, B) = colsp([B AB · · · Am−1 B]),

K
!

Kmsk ((sk I−A)−1 , (sk I−A)−1 B)

k=1

!

Km∞ (A, B)

where sk ∈ S ⊂ C and S is a set of K distinct interpolating
points, with associated multiplicities msk . Provided that sk
are not the eigenvalues of A or Am the reduced model in
(4) matches the first msk moments
"Kof G at sk . The order of
approximation is given by m = k=1 αk msk , where αk = 1
if sk ∈ R∪∞ and αk = 2 otherwise. In the proposed restart
scheme we never choose sk = ∞ to construct the basis Vm
and the reason for this is explained later in Section IV.
In the case where the basis Vm is orthonormal it has been
shown in [8] using Lemma 3.1 that the rational Arnoldi
method can be described by a set of equations, known as
the Arnoldi-like equations, that are given by,
AVm = Vm Am + vm+1 Cm ,
B = Vm Bm + vm+1 Dm ,

(5)
(6)

where vm+1 is constructed such that Vm+1 := [Vm vm+1 ] =
colsp([Vm B]), by orthogonalizing B to Vm . Due to orthoT
T
normality of Vm+1 , Cm = vm+1
AVm and Dm = vm+1
B.
In [9], the projection based approximations are parameterized in terms of a free parameter and it is shown that a proper
choice of the free parameter can improve the approximation
and preserve some of the properties of the original system
such as stability, passivity, etc. The proposed restart scheme
utilizes such free parameters to perform restarts of the algorithm. Next we describe the approach developed in [9] for
the parameterization of the projection based approximations.
The orthogonal matrix Wm can be expressed in terms of a
free parameter L by using,
Wm = Vm + vm+1 LT + V⊥ LT⊥ .
This form of the matrix Wm satisfies the bi-orthogonality
condition for any L ∈ Rm and L⊥ ∈ Rm×m+1 where the
matrix V⊥ ∈ Rn×m+1 is orthogonal to Vm+1 = [Vm vm+1 ].
Using this parameterized matrix Wm and the Arnoldi-like
equations (5) and (6), we get the parameterized Galerkin
approximation GL
m (s) given by,
L
GL
m (s) = Vm Fm (s),

(7)

L
−1 L
where Fm
(s) = (sIm − AL
Bm in which AL
m)
m = Am +
L
LCm and Bm = Bm + LDm . It has been shown in [9] that
the parameterization of the interpolating functions results in
a new set of Arnoldi-like equations given by,

where colsp denotes the column span. The resulting reduced
model provides a poor approximation at low frequencies and
usually the dimension m needs to be very large to improve
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L
AVm = Vm AL
m + vm+1 Cm ,

B=

L
Vm Bm

+

L
vm+1
Dm ,

(8)
(9)

L
where vm+1
= vm+1 − Vm L. The derivation of the new
set of Arnoldi-like equations can be obtained by multiplying
T
the Arnoldi equations (5) and (6) by Wm
from the left and
rearranging. In [9] the authors use the parameterized set
of equations to develop accurate reduced order models and
preserve model properties.

through the rational Arnoldi method. The corresponding
residual error can be expressed in the following form by
using the rational Arnoldi equations (5) and (6),
where Vm+1 = [Vm

B. Solution of the Sylvester Equation
In this subsection we describe the use of Krylov subspace
techniques for the solution of large scale Sylvester equations.
The Sylvester equation (1) has a unique solution P if and
only if the eigenvalues of A and Â satisfy λ(A) + λ(Â) )= 0,
and is given by
#
1
P =
G(s)Ĝ ˜ (s)ds
(10)
2πi
where G(s) = (sI − A)−1 B and Ĝ ˜ (s) = Ĝ(−s)T in
which Ĝ(−s) = (−sI − Â)−1 B̂ (see Theorem 5.2.2 in [17]).
In [15], it is proposed that an approximate solution of the
Sylvester equation (1) can be computed by using the Galerkin
approximation to the functions G(s) and Ĝ(s), obtained via
the standard Arnoldi method. That is,
T
P ≈ P = Um Y Ûm̂
,

(11)

where Um ∈ Rn×m and Ûm̂ ∈ Rn̂×m̂ are the orthogonal
basis to the Krylov subspace and the matrix Y ∈ Rm×m̂ .
The residual error associated with the above approximation
can be written as,
T
T T
R = AUm Y Ûm̂
+ Um Y Ûm̂
Â + B B̂ T .

T
Um
RÛm̂ = 0,

(13)

if Y satisfies the following reduced order Sylvester equation,
T
T
Am Y + Y Âm̂
+ Bm B̂m̂
= 0.

(14)

The residual error is usually compared with a predefined
tolerance to obtain the desired size of the projected reduced
Sylvester equation. If the residual error is greater than the
tolerance level, the values of m and m̂ are increased. The
increase in the size of the projected Sylvester equation
increases the manipulations with the orthogonal matrices Um
and Ûm̂ . Also the storage requirements for the orthogonal
columns of the matrices Um and Ûm̂ become excessive.
These issues are addressed in section III, where the algorithm
restarts by truncating the orthogonalization and constructing
a set of two new orthogonal matrices.
In [11], the rational Arnoldi method is utilized to obtain an
approximate solution of the Sylvester equation, however the
computational and storage issues are not considered. Using
the rational Arnoldi method an approximate solution of the
Sylvester equation of the form (11) can be written as,
P ≈ P̃ = Vm X V̂m̂T ,

(15)

where X ∈ Rm×m̂ , Vm ∈ Rn×m and V̂m̂ ∈ Rn̂×m̂ . The
matrices Vm and V̂m̂ are the orthogonal matrices computed

vm+1 ], V̂m̂+1 = [V̂m̂
$
%
S11 S12
S=
,
S21 S22

v̂m̂+1 ] and
(17)

in which S11 = Am X + X(Âm̂ )T + Bm (B̂m̂ )T , S12 =
T
T
T
X Ĉm̂
+ Bm D̂m̂
, S21 = Cm X + Dm (B̂m̂ )T , S22 = Dm D̂m̂
.
It is easy to observe that the Galerkin like condition (13),
applied to the residual error (16) for the rational case, is
satisfied if a condition similar to (14) is obtained by setting
S11 = 0.
III. R ESTART S CHEME
The purpose of this section is to describe the proposed
restart scheme for the solution of the Sylvester equation.
Suppose we perform m and m̂ iterations of the rational
Arnoldi algorithm to obtain an approximation P̃ given by
(15). The interpolation points are selected such that S =
−λm (A) and Ŝ = −λm̂ (Â), where λk (Z) represent the k
eigenvalues of Z that are close to the imaginary axis. Note
that the computation of a subset of eigenvalues of A can be
efficiently carried out using Krylov subspace techniques [18],
[19]. The residual error associated with the approximate
solution P̃ can be written as,

(12)

It is found in [15] that the residual error associated with P
satisfies the Galerkin like condition given by,

(16)

T
R̃ = Vm+1 S V̂m̂+1
,

R̃ = AP̃ + P̃ ÂT + B B̂ T ,
= AVm X V̂m̂T + Vm X V̂m̂T ÂT + B B̂ T .
Using the paramaterized Arnoldi-like equations (8) and (9)
to replace AVm , B, ÂV̂m̂ and B̂ in the above equation, we
may write,
L
L̂
R̃ = Vm+1
S̃(V̂m̂+1
)T ,
(18)
L
where Vm+1
= [Vm

L
L̂
vm+1
], V̂m̂+1
= [V̂m̂
$
%
S̃11 S̃12
,
S̃ =
S̃21 S̃22

L̂
v̂m̂+1
] and

(19)

L̂ T
L
L̂ T
in which S̃11 = AL
m X + X(Âm̂ ) + Bm (B̂m̂ ) , S̃12 =
T
L T
L̂ T
X Ĉm̂ + Bm D̂m̂ , S̃21 = Cm X + Dm (B̂m̂ ) and S̃22 =
T
Dm D̂m̂
. Thus we introduced two free parameters L and
L̂ in the residual error expression. Now to update the
approximation P̃ , we perform a single restart that results
in an updated approximation of the form,

P̃1 = Vm X V̂m̂T + Vm1 X1 V̂m̂T1 ,

(20)

where Vm1 ∈ Rn×m1 and V̂m̂1 ∈ Rn̂×m̂1 are the orthogonal
matrices obtained via the rational Arnoldi method with interpolation points as selected previously. Also X1 ∈ Rm1 ×m̂1
while P̃1 ∈ Rn×n̂ . In the above equation, the number of
orthogonal columns in Vm1 and V̂m̂1 i.e., m1 and m̂1 are
small values compared to m and m̂. Note that once we obtain
the product Vm X V̂m̂T , we are not storing the orthogonal
matrices Vm and V̂m̂ for further computations. That is Vm1
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and V̂m̂1 are not orthogonalized with Vm and V̂m̂ . This saves
the computations of reorthogonalization and the storage of
the orthogonal columns. The residual error associated with
the updated approximate solution can be written as,
R̃1 = AP̃1 + P̃1 ÂT + B B̂ T
= AVm X V̂m̂T + Vm X V̂m̂T ÂT + B B̂ T
+ AVm1 X1 V̂m̂T1 + Vm1 X1 V̂m̂T1 ÂT
= AVm1 X1 V̂m̂T1 + Vm1 X1 V̂m̂T1 ÂT + R̃
where R̃ is the residual error corresponding to the initial
approximation, P̃ . If we choose the free parameters L and
L̂ such that the residual error R̃ is expressed in the low rank
form, preferably rank 1 then we can write,
R̃ = B 1 (B̂ 1 )T

(21)

where B 1 ∈ Rn and B̂ 1 ∈ Rn̂ . The next section describes
the choice of L and L̂ for which the residual error is rank
1. Using (21), the residual error associated with the updated
approximation becomes,
R̃1 = AVm1 X1 V̂m̂T1 + Vm1 X 1 V̂m̂T1 ÂT + B 1 (B̂ 1 )T .

(22)

This residual error now has the form of the Sylvester equation and can be solved by using Krylov subspace techniques.
Using the Arnoldi-like equations (8) and (9) for A, B 1 and
Â, B̂ 1 , we can express the new residual error in the form of
(18). To perform the second update of the approximation, we
need to express the new residual error R̃1 in the low rank
form,
2

2 T

R̃1 = B (B̂ ) .

(23)

Similarly we can restart the algorithm K times to get an
approximation of the form,
P̃i = Vm X V̂m̂T +

K
&

Vmi Xi V̂m̂Ti

Algorithm 1 Restart scheme for the solution of Sylvester
equation
Require: A, B, S = {s1 , s2 , ..., sk } and
Â, B̂, Ŝ = {ŝ1 , ŝ2 , ..., ŝk }
1: Initialize: K, k and p
2: Use A, B, S and the rational Arnoldi algorithm to obtain
Am , Bm , Cm , Dm , Vm , vm+1
3: Use Â, B̂, Ŝ and the rational Arnoldi algorithm to obtain
Âm̂ , B̂m̂ , Ĉm̂ , D̂m̂ , V̂m̂ , v̂m̂+1
4: Calculate X by solving the nonsymmetric algebraic
Riccati equation (28) and find the parameters L and L̂
from (26) and (27)
5: Calculate the approximation P̃ and the corresponding
residual error R̃ using (15) and (18) respectively
L
6: Choose B 1 = vm+1
Dm and B̂ 1 = v̂m̂+1 D̂m̂
7: for i = 1 to K do
8:
Use A, Â, B i , B̂ i , Si = {sk+1 , sk+2 , ..., sk+p },
Ŝi = {ŝk+1 , ŝk+2 , ..., ŝk+p } and the rational Arnoldi
algorithm to obtain Ami , Bmi , Cmi , Dmi , Âm̂i , B̂m̂i ,
Ĉm̂i , D̂m̂i , V̂m̂i , v̂m̂i +1 , Vmi , vmi +1
9:
Calculate Xi by solving the updated equation (28) and
find the corresponding parameters Li and L̂i from (26)
and (27)
10:
Calculate the updated solution P̃i = P̃i−1 +
Vmi Xi V̂m̂Ti , where P̃0 = P̃
11:
Compute the corresponding low rank residual error
R̃i = B i+1 (B̂ i+1 )T .
12:
Set k=k+p
13: end for
IV. L OW R ANK R ESIDUAL E RROR A NALYSIS
In this section, we describe the choice of the parameters
L and L̂ to obtain the low rank residual error expression.
It follows from (19) that a suitable choice of L, L̂ and X
is one that makes the S̃11 , S̃12 and S̃21 blocks of S̃ zero.
Expressions for parameters L and L̂ obtained by equating
the S̃12 and S̃21 blocks of S̃ to zero are given as
T
T
T −1
L = −(Bm D̂m̂
+ X Ĉm̂
)(Dm D̂m̂
) ,

(24)

i=1

L̂ =

where i = 1, 2, ..., K. The corresponding residual error can
then be written as
R̃i = B i (B̂ i )T + AVmi Xi V̂m̂Ti + Vmi Xi V̂m̂Ti ÂT .

(25)

The complete restart algorithm for the solution of the
Sylvester equation is summarized in algorithm 1. The algorithm performs restarts by expressing the residual error in
the low rank form using parameters L and L̂. This means that
at the last update we can obtain the updated approximation
without using the parameters L and L̂ and can compute
the associated residual error (not necessarily low rank). It is
found that the approximation computed through the restart
algorithm without using parameters L and L̂ at the final
restart approaches the approximation to the solution of the
Sylvester equation without restart.

T
−(B̂m̂ Dm

+X

T

T
T −1
Cm
)(D̂m̂ Dm
) ,

(26)
(27)

provided that Dm and D̂m̂ are nonzero, which we will
assume. Note that Dm )= 0 and D̂m̂ )= 0 provided that
∞ is not chosen to be an interpolating point for (A, B) and
(Â, B̂). Using the expressions of L and L̂ in the equation
S̃11 , we get a low order nonsymmetric algebraic Riccati
equation given by,
Ai X + X ÂTi − X ĈiT Ci X = 0

(28)

−1
−1
where Ai = Am − Bm Dm
Cm , Âi = Âm̂ − B̂m̂ D̂m̂
Ĉm̂ ,
−1
−1
Ci = Dm Cm and Ĉi = D̂m̂ Ĉm̂ . The low order Riccati
equation can be solved for X by using one of the techniques
described in Subsection IV-A. The parameters L and L̂ can
then be computed by using the value of X. For these values
of L, L̂ and X, the residual error can be written as,
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L
T
L̂
R̃ = vm+1
Dm D̂m̂
(v̂m̂+1
)T .

(29)

This residual error has rank 1 and can be expressed in
L
the form of (21) by using B 1 = vm+1
Dm and B̂ 1 =
L̂
v̂m̂+1 D̂m̂ . We can also derive the above low rank residual
error expression by equating the Schur complement of S
given in (17) to zero and introducing the free parameters L
and L̂ as expressed in (26) and (27). The parameters L and
−1
T −T
L̂ can be written as L = −S12 S22
and L̂ = −S21
S22 and
thus,
%
$
% $
% $
−1
I 0
I L
S11 − S12 S22
S21
0
,
S
=
0 1
0
S22
L̂T 1
−1
where S11 −S12 S22
S21 is the Schur complement of S. Using
the above equation and the inverse of the unit triangular
matrices, the residual error expression can be written as,
$
%$
%
−1
I −L
S11 − S12 S22
S21
0
R̃ = Vm+1
0 1
0
S22
$
%
I
0
T
V̂m̂+1
−L̂T 1
%
$
−1
S11 − S12 S22
S21
0
L
L̂
= Vm+1
(V̂m̂+1
)T (30)
0
S22
L
L
L̂
L̂
= [V̂m̂ v̂m̂+1
].
where Vm+1
= [Vm vm+1
] and V̂m̂+1
Now if the Schur complement of S is zero then the residual
error is low rank and is given by equation (29).

A. Solution of Nonsymmetric Algebraic Riccati Equation
It is clear that the low rank residual error expression
requires the solution of the equation (28). In this subsection,
we consider two possible methods for the solution of the
Riccati equation.
The first method is a standard approach for solving algebraic
Riccati equation (see Theorem 7.1.2 in [17]). The technique
involves the use of the following (m + m̂) × (m + m̂)
Hamiltonian matrix associated with the algebraic Riccati
equation (28),
$ T
%
Âi −Ci ĈiT
H=
.
(31)
0
−Ai
Suppose a matrix T transforms H into a Jordan form HT =
T J, where J is the Jordan matrix with the eigenvalues of H
as the diagonal entries and T contains the m+m̂ eigenvectors
of H. If T is partitioned as T = [T1 T2 ] where T1 ∈
R(m+m̂)×m such that it contains the first m eigenvectors
of H and T2 contains the remaining m̂ eigenvectors, then
we can write
HT1 = T1 Λ
(32)
where Λ contain the eigenvalues of H corresponding to the
eigenvectors in T1 . It is easy to show that each solution to
the Quadratic Sylvester equation can be expressed as, X =
−1
T21 T11
, where T11 ∈ Rm×m is assumed to be nonsingular
T
T T
and [T11 T21
] = T1 . This method works for any choice of
Λ and an interesting issue is to investigate an optimal choice
of Λ, which will be considered in future work.
The second method transforms the nonsymmetric algebraic Riccati equation (28) in a low order Sylvester equation
if the matrix X is square and invertible. It is easy to see

that if Y = X −1 exists, then the pre-multiplication and the
post-multiplication of Y to (28) results in,
(33)

ÂTi Y + Y Ai − ĈiT Ci = 0.

The above equation can be solved for Y by using direct
methods. The required solution is then, X = Y −1 .
V. S OLUTION OF LYAPUNOV E QUATION
In this section we describe the restart scheme for the
approximate solution of the Lyapunov equation. It is shown
that the updated approximations monotonically approaches
the actual solution of the Lyapunov equation. The Lyapunov
equation can be written as,
(34)

AQ + QAT + BB T = 0,

where Q ∈ R
is the positive definite solution of the
Lyapunov equation if the matrix A is stable. Suppose Qm
is the initial approximate solution of the Lyapunov equation
(34) using our technique. Then,
n×n

AQm + Qm AT + BB T − B 1 (B 1 )T = 0,

(35)

where B (B ) is the residual error associated with the
approximate solution Qm . Subtracting equation (35) from
equation (34), we get,
1

1 T

A(Q − Qm ) + (Q − Qm )AT + B 1 (B 1 )T = 0.

(36)

As Q − Qm is the solution of the above Lyapunov equation
and A is stable, we have Q ≥ Qm . Now after the first restart
of the algorithm, the updated approximate solution is of the
form,
(37)

Q1m1 = Qm + Vm1 1 X 1 (Vm1 1 )T .

It is clear from the above equation that if X ≥ 0, the
updated approximation satisfies Q1m1 ≥ Qm . As each of
the updated approximate solutions has a low rank residual
error expression, we can obtain the Lyapunov equations of
the form (36) for all the updated approximations. Thus the
following relation is obtained among the updated solutions,
initial approximate solution and the actual solution.
1

K−1
1
Q ≥ QK
mK ≥ QmK−1 ≥ · · · ≥ Qm1 ≥ Qm .

(38)

This shows that the updated approximations monotonically
approach the exact solution of the Lyapunov equation.
VI. N UMERICAL R ESULTS
In this section, we compare the proposed restart scheme
and the standard Krylov method for the approximation of the
solution to the Sylvester equation. The approximate solution
obtained by the proposed scheme converges to the one obtained by the standard Krylov technique with two important
advantages; low computational cost and less storage requirements. These advantages are due to the fact that the proposed
scheme avoids the storage of large orthogonal matrices and
it also avoids orthogonalization of the bases constructed
on each iteration with previously computed bases on each
iteration of the restart scheme. A complete comparison of the
method in terms of computational cost, storage requirement
and convergence rates with other existing methods is out of
the scope of the current work and thus omitted.
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Fig. 1. The 2-norm of the forward error and the residual error are plotted for
the restart scheme and the standard Krylov technique to solve the Sylvester
L
equation. P is the actual solution of the Sylvester equation, while P m
and Pm denote the approximate solutions with and without restart scheme,
L and R
respectively. Similarly, Rm
m express the residual errors with and
without restarts. For all sizes of X the proposed scheme (dashed line) has
similar values of forward and residual error to that of standard Krylov
technique (dotted line) but with reduced computational complexity.

A. Example 1
This example is taken from [20] where the matrices A ∈
Rn×n and Â ∈ Rn̂×n̂ are in the form
10
10
A = tridiag(−1 +
, −2, −1 +
),
n+1
n+1
10
10
Â = tridiag(−1 +
, −2, −1 +
),
n̂ + 1
n̂ + 1
where n = 300 and n̂ = 250. The vectors B and B̂ are
randomly selected. Figure 1 shows the norm of the forward
error (defined as the error between the actual and the approximate solution) and the residual error for the proposed scheme
and the standard Krylov technique. The two strategies are
compared at three different projection sizes where the size of
the projected Sylvester equation is taken as the same size to
that of matrix X. For all cases, the approximation computed
through the restart scheme approaches the one obtained
through the standard Krylov technique with the advantage
that the restart scheme does not involve the orthogonalization
cost and the storage of orthogonal columns.
VII. C ONCLUSIONS
A computationally efficient Krylov based restart scheme
has been developed for the approximate solution of the
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