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Adaptive Rational Interpolation: Arnoldi and Lanczos-like Equations
Michalis Frangos! and Imad M. Jaimoukha
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The Arnoldi and Lanczos algorithms, which belong to the
class of Krylov subspace methods, are increasingly used
for model reduction of large-scale systems. The standard
versions of the algorithms tend to create reduced order
models that poorly approximate low frequency dynamics.
Rational Arnoldi and Lanczos algorithms produce
reduced models that approximate dynamics at various
frequencies. This paper tackles the issue of developing
simple Arnoldi and Lanczos equations for the rational
case. This allows a simple error analysis to be carried out
for both algorithms and permits the development of
computationally efficient model reduction algorithms,
where the frequencies at which the dynamics are to be
matched can be updated adaptively.
Keywords: Model reduction, Krylov subspaces,
Arnoldi algorithm, Lanczos algorithm, rational
interpolation, adaptive interpolation

1. Introduction
Consider a linear time-invariant single-input singleoutput system described by the equations
_ ¼ AxðtÞ þ BuðtÞ;
ExðtÞ

yðtÞ ¼ CxðtÞ

ð1Þ

where xðtÞ 2 Rn denotes the state vector and uðtÞ and
yðtÞ the scalar input and output signals, respectively.
The system matrices A, E 2 Rn&n are assumed to be
large and sparse, and B, C0 2 Rn . These assumptions
are met by large-scale models in many applications.

!Correspondence to: M. Frangos, E-mail: michalis.frangos99@
imperial.ac.uk

The transfer function for the system in (1) is denoted as
GðsÞ ¼ CðsE ' AÞ'1 B. To simplify subsequent analysis
and design based on the large nth order model in (1), the
model reduction problem seeks an approximate mth
order model of the form Gm ðsÞ ¼ Cm ðsEm ' Am Þ'1 Bm
where Em , Am 2 Rm&m , Bm , C0m 2 Rm and m < n. We
also assume that E and Em are non-singular.
Unlike many existing model reduction methods
such as balanced truncation and Hankel norm
approximations [2, 39], Krylov projection methods,
and in particular the Arnoldi and Lanczos algorithms
[4, 7, 26, 27, 36], exploit the sparsity of the large-scale
model and have been extensively used for model
reduction of large-scale systems; see [3, 8, 36] and the
references therein. In these approaches, Gm ðsÞ is
computed such that it matches the moments of GðsÞ,
that is the value of GðsÞ and its derivatives, at certain
interpolation points. In the standard approaches, the
moments are matched at 1 [3, 16]. The problem of
interpolating around infinity is known in the literature
as the partial realization problem [19]. This has the
advantage that, in the case that E ¼ In , only matrixvector products are needed in calculations involving
the large matrix A. Furthermore, a set of equations
known as the Arnoldi or Lanczos equations are satisfied and are useful for error analysis and restarts [22,
24, 25, 30, 37]. In [12] the Arnoldi and Lanczos
equations are given for the two-sided Arnoldi and
non-symmetric Lanczos algorithms, which are algorithms that produce Padé models [8] by interpolating
the original system around infinity. A survey on Krylov
space methods based on single point intepolating
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approximations can be found in [6] and the references
therein.
The disadvantage is that single point interpolating
approximations tend to approximate GðsÞ poorly at
other frequencies unless the order of the approximation is increased considerably or certain types of
restarts are introduced [30].
To ameliorate this problem rational Arnoldi and
Lanczos algorithms [17, 21, 32–34] have been developed which produce reduced models that match the
moments of GðsÞ at different frequencies. Notwithstanding the greatly improved approximation offered
by the rational Arnoldi and Lanczos techniques, there
are some outstanding issues that need to be addressed
and are summarized below.
1. No simple Arnoldi- and Lanczos-like equations
have been derived in the literature in the rational
case. The authors in [17, 18, 28, 34] derive equations that describe the rational algorithms; however these are not in the standard Arnoldi and
Lanczos form.
2. No error analysis for the rational case has been
derived comparable to the standard algorithms.
This is important for deriving residual error
expressions, perturbation analysis and for best
choice of the interpolation frequencies.
The contribution of this paper is in addressing in
detail each of these issues which were briefly described
in [14]. Section 2 gives a review of approximation
techniques by moment matching. The standard
Arnoldi and the rational Arnoldi algorithms for
moment matching are also described. In section 3
Arnoldi- and Lanczos-like equations for the rational
case are derived. In section 4 the Arnoldi and Lanczos
equations are used to give an error analysis for the
rational case. Simple residual error expressions are
derived and norm-bounded as well as linear fractional
transformation perturbation analysis is given. In section 5 adaptive schemes based on the error analysis
(section 4) are described. Section 6 gives some numerical results to illustrate the adaptive methods developed
in this paper. Finally section 7 gives our conclusions.

2. Krylov-based Methods for Model
Reduction
2.1. Moment Matching Problem
The system in (1) can be expanded by Taylor series
around an interpolation point s0 2 C as
GðsÞ ¼ !0 þ !1 ðs ' s0 Þ þ !2 ðs ' s0 Þ2 þ ( ( (

where the Taylor coefficients !i are known as the
moments of the system around s0 and are related to
the transfer function of the system and its derivatives
evaluated at s0 . The approximation problem by
moment matching is to find a lower order system
Gm ðsÞ with transfer function expanded as
Gm ðsÞ ¼ !^0 þ !^1 ðs ' s0 Þ þ !^2 ðs ' s0 Þ2 þ ( ( (

such that !i ¼ !^i , for i ¼ 0, 1, . . . , m.
To simplify the presentation of our results, we only
consider the case when E ¼ In and we will write
s
GðsÞ ¼ CðsIn ' AÞ'1 B ¼ðA, B, C, 0Þ or
!
"
B
s A
GðsÞ ¼
:
C
0
In the case where s0 ¼ 1 the moments are called
Markov parameters and are given by !i ¼ CAi B.
The moments around a finite interpolation point s0 2
C are known as shifted moments and they are defined
as !i ¼ Cðs0 In ' AÞ'i B.
A more general definition of approximation by
moment matching is related to rational interpolation.
By rational interpolation we mean that the reduced
order system matches the moments of the original
system at multiple interpolation points.
Let Vm ; Wm 2 Cn&m . By projecting the states of the
high-order system with the projector
Pm ¼ Vm ðW0m Vm Þ'1 W0m ;

ð2Þ

assuming that Em ¼ W0m Vm is non-singular, a reduced
order model is obtained as:
"
#
'1
E'1
s Em Am
m Bm
Gm ðsÞ ¼
Cm
0
"
#
'1 0
0
ðW0m Vm Þ'1 W0m B
ðWm Vm Þ Wm AVm
:
:¼
CVm
0
ð3Þ
A careful selection of Vm and Wm as the bases of
certain Krylov subspaces results in moment matching.
For A 2 Cn&n , B 2 Cn , s 2 C and integer m > 0 a
Krylov subspace Km ðA, B, sÞ is defined as
h
Km ðA;B; sÞ : ¼ colsp ðsIn ' AÞ'1 B;
i
ðsIn ' AÞ'2 B; ...; ðsIn ' AÞ'm B ;
if s 6¼ 1
h
i
Km ðA;B; sÞ : ¼ colsp B; AB;... ;Aðm'1Þ B ;
if s ¼ 1

where colsp denotes column span. If m ¼ 0,
Km ðA, B, sÞ is defined to be the empty set.

344

M. Frangos and I.M. Jaimoukha

2.2. Standard Arnoldi Methods
An iterative method for model reduction based
on Krylov projections is the Arnoldi process. The twosided Arnoldi process, given in Algorithm 1, constructs the bases Vm ¼ ½v1 , . . . , vm * 2 Cn&m and Wm ¼
½w1 , . . . ,wm * 2 Cn&m for the Krylov subspaces
Km ðA, B, 1Þ and Km ðA0 , C0 , 1Þ, respectively, such
that they are orthonormal, i.e., V0m Vm ¼ Wm0 Wm ¼ Im .
We assume that no breakdown (or near breakdown)
^j jj > ",
occurs in Algorithm 1 so that jj^
vj jj > " and jjw
where " is a tolerance level, for j ¼ 1, . . . , m and Wm0 Vm is
non-singular. See [35] for more details on the breakdown
of the Arnoldi algorithm. The following equations,
AVm ¼ Vm Hm þ vmþ1 CVm ;
Wm0 A ¼ Fm Wm0 þ BWm w0mþ1 ;

referred to as the Arnoldi equations hold [23, 25],
where
0
Hm ¼ Vm0 AVm ; CVm ¼ vmþ1
AVm ; Lm ¼ Vm0 B;

Fm ¼ Wm0 AWm ; BWm ¼ Wm0 Awmþ1 ; Km ¼ CWm :

ð4Þ

Pre-multiplying the first set of the Arnoldi equations
by W0m and solving with respect to Hm and Lm we have
'1
0
'1
that Hm ¼ E'1
m Am ' Em Wm vmþ1 CVm and Lm ¼ Em B.
Similarly post-multiplying the second set of the
Arnoldi equations by Vm and rearranging results in
0
'1
Fm ¼ Am E'1
and Km ¼ Cm E'1
m ' BWm wmþ1 Vm Em
m ,
respectively. The standard Arnoldi equations can then
be transformed to the following set of equations
B ¼ Vm E'1
m Bm

0
0
W0m A ¼ Am E'1
m Wm þ BWm wmþ1 ðIn ' Pm Þ;
0
C ¼ Cm E'1
m Wm

"ðsÞ ¼ RC ðsÞ0 ðsIn ' AÞ'1 RB ðsÞ;

ð7Þ

where RC ðsÞ and RB ðsÞ, known as the residual errors,
are given by
RB ðsÞ ¼ B ' ðsIn ' AÞVm Xm ðsÞ;

RC ðsÞ ¼ C0 ' ðsIn ' AÞ0 Wm Ym ðsÞ;

ð8Þ

and where Ym ðsÞ and Xm ðsÞ are the solutions of the
system of equations

B ¼ Vm Lm
C ¼ Km W0m

AVm ¼ Vm E'1
m Am þ ðIn ' Pm Þvmþ1 CVm ;

The bases Vm and Wm are constructed such
that Km ðA, B, 1Þ + colspðVm Þ and Km ðA0 , C0 , 1Þ +
colspðWm Þ and so the reduced order system Gm ðsÞ,
defined in (3), matches the first 2m Markov parameters of GðsÞ [18]. The approximation forward error
"ðsÞ :¼ GðsÞ ' Gm ðsÞ can be shown to be

ð5Þ

ðsEm ' Am ÞXm ðsÞ ¼ Bm ;
ðsEm ' Am Þ0 Ym ðsÞ ¼ C0m

ð9Þ

and satisfy the Petrov-Galerkin conditions W0m RB ðsÞ ¼
V0m RC ðsÞ ¼ 0.
Using the Arnoldi equations, the expressions for the
residual errors can be simplified as
RB ðsÞ ¼ ðIn ' Pm Þvmþ1 CVm ðsEm ' Am Þ'1 Bm
¼ vmþ1 CVm ðsIm ' Hm Þ'1 Lm

ð10Þ

RC ðsÞ0 ¼ Cm ðsEm ' Am Þ'1 BWm w0mþ1 ðIn ' Pm Þ
¼ Km ðsIm ' Fm Þ'1 BWm w0mþ1 ;

ð11Þ

which involve terms related to the reduced order
system only.

2.3. The Rational Arnoldi Method
ð6Þ

where Em , Am , Bm and Cm are defined in (3) and where
Pm is defined in (2).

The rational Arnoldi procedure [32–34] is an algorithm for constructing orthonormal bases of the
union of Krylov subspaces. Let Vm ; Wm 2 Cn&m be

Algorithm 1 Basic Arnoldi algorithm
1: Inputs: system data A,B,C, reduced order m and tolerance " > 0
^1 ¼ C0 ;
2: Initialize: Vm ¼ ½ *; Wm ¼ ½ *; v^1 ¼ B; w
^1 jj < "g, Stop, end
3: if fjj^
v1 jj < " or jjw
^1 =jjw
^1 jj;
4: v1 ¼ v^1 =jj^
v1 jj; w1 ¼ w
5: for j ¼ 1#! m $
#
$
6: Vm ¼ Vm vj ; Wm ¼ Wm wj ;
^jþ1 ¼ A0 wj ' Wm W0m A0 wj ;
7: v^jþ1 ¼ Avj ' Vm V0m Avj ; w
^jþ1 k < "g, Stop, end
8: if fk^
vjþ1 k < " or kw
^jþ1 =kw
^jþ1 k;
9: vjþ1 ¼ v^jþ1 =k^
vjþ1 k; wjþ1 ¼ w
10: end
11: Outputs: Vm ¼ fv1 ; . . . ; vm g; Wm ¼ fw1 ; . . . ; wm g;
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the bases of such subspaces and let Pm be a projector defined as Pm ¼ Vm ðW0m Vm Þ'1 W0m . Applying
this projector on the system in (1) a reduced order
system is obtained with a transfer function as in (3).
The next result shows that a proper selection of
Krylov subspaces will result in reduced order systems
that matches the moments of the system at given
interpolation frequencies.
Theorem 2.1 [18] Let S ¼ fs1 ; s2 ; . . . ; sK g , C and
S~ ¼ f~
s1 ; s~2 ; . . . ; s~K~ g , C be two sets of distinct interpolation points, with multiplicities ms1 ; ms2 ; . . . ; msK ,
~ s1 ; m
~ s2 ; . . . ; m
~ sK~ , respectively. Suppose that
and m
Vm ; Wm 2 Cn&m satisfy
colspðVm Þ-Kms1 ðA;B;s1 Þ[((([KmsK ðA;B;sK Þ

colspðWm Þ-Km~s1 ðA0 ;C0 ; s~01 Þ[((([Km~sK ðA0 ;C0 ;~
s0K~ Þ

PK~
P
~ sk ¼ m. Then, assuming that
where K
k¼1 m
k¼1 msk ¼
'1
~
ðsIn ' AÞ exists for all s 2 S [ S,
~ ~sj moments
. if si ¼ s~j , Gm ðsÞ matches the first msi þ m
of GðsÞ at si
. if si 6¼ ~
sj , Gm ðsÞ matches the first msi moments of GðsÞ
~ ~sj moments of GðsÞ at s~k ,
at sk and the first m
respectively.
The rational Arnoldi algorithm is given in Algorithm 2. For simplicity of presentation we assume that
msk ¼ m~sk and also it is assumed that si 6¼ sj and ~si 6¼ s~j
for i 6¼ j.

3. Arnoldi-like Equations in the Rational
Case
Many of the results based on Krylov subspaces follow
from the Arnoldi and Lanczos equations. A main
contribution of this work is to derive, with minimum
additional effort, the corresponding equations for the
rational version of these algorithms [14, 15].
The following result derives such a set of equations
for the Arnoldi process.
Lemma 3.1. Let all variables be as defined in Theorem
2.1 and let Vm and Wm be as constructed by Algorithm 2
~ 1 be the
so that V0m Vm ¼ W0m Wm ¼ Im . Let m1 and m
~ respectively ðm1 ¼ 0 if
multiplicities of 1 in S and S,
~ Define vmþ1 ; wmþ1 2 Cn
~ 1 ¼ 0 if 1 2
12
= S and m
= SÞ.
such that, with Vmþ1 :¼ ½Vm vmþ1 * and Wmþ1 :¼
½Wm wmþ1 *,
colspð½Vm ; Am1 B*Þ ¼ colspðVmþ1 Þ;
V0mþ1 Vmþ1 ¼ Imþ1 ;

colspð½Wm ; ðA0 Þm~ 1 C0 *Þ ¼ colspðWmþ1 Þ;
W0mþ1 Wmþ1 ¼ Imþ1 :

1. Define
! 0
"
!
"
V0m B
Vm AVm
Hm Lm
;
:¼ 0
vmþ1 AVm v0mþ1 B
CVm bm
!
"
! 0
"
Wm AWm W0m Awmþ1
Fm BWm
:¼
Km cm
CWm
Cwmþ1

Algorithm 2 Rational Arnoldi algorithm
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:

sK g; A,B,C, tolerance " > 0; and msk ¼ m~sk for k ¼ 1; 2; . . . K;
Inputs: S ¼ fs1 ; . . . ; sK g; S~ ¼ f~s1 ; . . . ; ~
Initialize: Vm ¼ ½ *; Wm ¼ ½ *; j ¼ 0;
for k ¼ 1 ! K
if fsk ¼ 1g, v^jþ1 ¼ B; else v~jþ1 ¼ ðsk In ' AÞ'1 B; end
~jþ1 ¼ C0 ; else w
~jþ1 ¼ ðð~
if {~sk ¼ 1}, w
sk In ' AÞ'1 Þ0 C 0 ; end
if {k > 1}
~jþ1 ¼ w
~jþ1 ' Wm Wm 0 w
~jþ1 ;
v~jþ1 ¼ v~jþ1 ' Vm Vm 0 v~jþ1 ; w
~jþ1 ¼ w
~jþ1 ' Wm Wm 0 w
~jþ1 ;
v~jþ1 ¼ v~jþ1 ' Vm Vm 0 v~jþ1 ; w
end
~jþ1 k < ", Stop end
if k~
vjþ1 k or kw
~
v~
w
vjþ1 ¼ k~vjþ1
;
w
¼ kw~jþ1
;
jþ1 k
# jþ1 k jþ1
$
#
$
Vm ¼ Vm vjþ1 ; Wm ¼ Wm wjþ1 ; j ¼ j þ 1;
for i ¼ 1 ! msk ' 1
if fsk ¼ 1g, v~jþ1 ¼ Avj ; else v~jþ1 ¼ ðsk In ' AÞ'1 vj ; end
~jþ1 ¼ A0 wj ; else w
~jþ1 ¼ ðð~
if f~
sk ¼ 1g, w
sk In ' AÞ'1 Þ0 wj ; end
0
~jþ1 ;
~jþ1 ¼ w
~jþ1 ' Wm Wm 0 w
v~jþ1 ¼ v~jþ1 ' Vm Vm v~jþ1 ; w
0
~jþ1 ¼ w
~jþ1 ' Wm Wm 0 w
~jþ1
v~jþ1 ¼ v~jþ1 ' Vm Vm v~jþ1 ; w
~jþ1 k < ", Stop end
if k~
vjþ1 k or kw
~jþ1 =kw
~jþ1 k;
vjþ1 ¼ v~jþ1 =k~
vjþ1 k; wjþ1 ¼ w
Vm ¼ ½Vm vjþ1 *; Wm ¼ ½Wm wjþ1 *; j ¼ j þ 1;
end
end
Outputs : Vm ¼ ½v1 ; . . . ; vm *;Wm ¼ ½w1 ; . . . ; wm *
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Then
AVm ¼ Vm Hm þ vmþ1 CVm ;
B ¼ Vm Lm þ vmþ1 bm ;

ð12Þ

W0m A ¼ Fm W0m þ BWm w0mþ1 ;
C ¼ Km W0m þ cm w0mþ1 :

ð13Þ

~
Furthermore, bm ¼ 0 if 1 2 S and cm ¼ 0 if 1 2 S.
2. Let Pm , Em , Am , Bm , Cm , CVm and BWm be as defined
in (2), (3) and (4). Then
AVm ¼ Vm E'1
m Am þ ðIn ' Pm Þvmþ1 CVm ;
B ¼ Vm E'1
m Bm þ ðIn ' Pm Þvmþ1 bm ;

ð14Þ

0
0
W0m A ¼ Am E'1
m Wm þ BWm wmþ1 ðIn ' Pm Þ;
0
0
C ¼ Cm E'1
m Wm þ cm wmþ1 ðIn ' Pm Þ:

2

3
#11 #12 ((( #1; mþ1
6 0 #22 ((( #2;mþ1 7
6
7
½x1 x2 ((( xmþ1 *¼ ½v1 v2 ((( vmþ1 *6 . . .
7
..
4 .. .. . .
5
.
0 0 ((( #mþ1;mþ1
where
%

B;
ðs1 In ' AÞ'1 B;

if s1 ¼ 1
if s1 6¼ 1

and for i ¼ 2, . . . , m,
8
B;
>
>
< Ax ;
i'1
xi ¼
ðsi In ' AÞ'1 B;
>
>
:
ðsi In ' AÞ'1 xi'1 ;

ð16Þ

if si ¼ 1 6¼ si'1
if si ¼ si'1 ¼ 1
if si 6¼ 1; si 6¼ si'1
if si ¼ si'1 6¼ 1

ð17Þ

and
xmþ1 ¼ A

m1

B:

ð18Þ

Since we assume no breakdown, #ii 6¼ 0 for
i ¼ 1, . . . , m.
First, we prove the first equation in (12). Now,
x1 ¼ v1 #11 . Using the expressions for x1 in (16)
we have
x1 ¼ ðs1 In ' AÞ'1 B ) Av1 ¼ s1 v1 ' #'1
11 B
x1 ¼ B ) Av1 ¼ #'1
11 AB:

Avj 2 colspðVmþ1 Þ;

j ¼ 1; . . . ; i ' 1:

ð19Þ

We use an induction step to prove that Avi 2
colspðVmþ1 Þ. Now
2

3
#1;i
& i6 . 7
h
& 6 . 7
xi ¼ v1 . . . vi'1 &vi 6 . 7
4 #i'1;i 5
#i;i
ri
zffl
" fflfflffl}|fflfflfflffl#{
& i ri'1;i
h
&
¼ Vi'1 &vi
:
#i;i

ð20Þ

Using the expressions for xi in (17) we have
ð15Þ

Proof. 1. From Algorithm 2 we can write

x1 ¼

In either case, it follows from our construction of vmþ1
that Av1 2 colspðVmþ1 Þ. Let 2 < i / m and assume
that

xi ¼ ðsi In ' AÞ'1 B
si
Vi'1 ri'1;i þ si vi
) Avi ¼
#i;i
1
1
'
AVi'1 ri'1;i '
B
#i;i
#i;i
xi ¼ ðsi In ' AÞ'1 xi'1
si
) Avi ¼
Vi'1 ri'1;i þ si vi
#i;i
1
1
'
AVi'1 ri'1;i '
xi'1
#i;i
#i;i
xi ¼ B ) Avi ¼

1
1
AB '
AVi'1 ri'1;i
#i;i
#i;i

xi ¼ Axi'1 ) Avi ¼

1 2
1
A xi'1 '
AVi'1 ri'1;i :
#i;i
#i;i

It follows from (19) and the construction of vmþ1
in the lemma that Avi 2 colspðVmþ1 Þ. Thus Avj 2
colspðVmþ1 Þ for j ¼ 1, . . . , m. This shows that
AVm ¼ Vm Hm þ vmþ1 CVm

ð21Þ

for some Hm and CVm . Since Vmþ1 is orthonormal,
multiplying (21) from the left by v0mþ1 gives
CVm ¼ v0mþ1 AVm , while multiplying by V0m gives
Hm ¼ V0m AVm . Next, we prove the second equation in
(12). Now, either 1 2 S, in which case xj ¼ B for some
j / m, or else 1 2
= S in which case xmþ1 ¼ B by our
construction of vmþ1 . In either case B 2 colspðVmþ1 Þ.
Hence
B ¼ Vm Lm þ vmþ1 bm :

ð22Þ
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for some Lm and bm . Since Vmþ1 is orthonormal,
multiplying (22) from the left by v0mþ1 gives bm ¼
v0mþ1 B, while multiplying by V0m gives Lm ¼ V0m B.
Furthermore, if 1 2 S, so that xj ¼ B for some j / m,
then bm ¼ v0mþ1 B ¼ 0. Similar remarks apply to cm .
The proof for (13) is similar and is therefore
omitted.
2. The proof can be devived directly from the results of
part (1). Pre-multiplying (21) by W0m and rearranging
'1 0
gives Hm ¼ E'1
m Am ' Em Wm vmþ1 CVm : Substituting
Hm in (21) gives the first equation in (14). Next, we
prove the second equation in (14). Pre-multiplying
(22) by W0m and rearranging gives Lm ¼ E'1
m Bm '
0
E'1
W
v
b
.
Substituting
in
(22)
we
get
(14).
The
mþ1
m
m
m
proof for (15) is similar to that for (14).
This completes the proof.
&
It is important to mention that Lemma 3.1 does not
alter Vm or Wm and the only additional cost for
obtaining the Arnoldi equations is an extra iteration
of the Arnoldi algorithm.
Remark 3.1. The main difference between the Lanczos
algorithm [17,21,26,27] and the Arnoldi process is that
the orthonormality requirements W0mþ1 Wmþ1 ¼
V0mþ1 Vmþ1 ¼ Imþ1 are replaced by the bi-orthonormal
requirement W0mþ1 Vmþ1 ¼ Imþ1 . Thus all the results we
presented for the Arnoldi case hold for the Lanczos case
as well, where now
Em ¼ Im ; BWm ¼ W0m Avmþ1 ; bm ¼ w0mþ1 B;
w0mþ1 Pm ¼ Pm vmþ1 ¼ 0; CVm ¼ w0mþ1 AVm ;
cm ¼ Cvmþ1 :

4. Error Analysis for the Rational Arnoldi
Algorithm
In the section we use the Arnoldi equations derived in
the previous section to carry out an error analysis for
the rational Arnoldi algorithm. The purpose of the
error analysis is threefold. First, it is useful for
deriving stopping criteria for the Arnoldi algorithm.
Second, it can be used to derive new interpolation
points in an adaptive scheme. Third, it is useful in any
subsequent analysis, design or simulation carried out
on the approximation Gm ðsÞ.
4.1. Residual Errors
The residual errors are useful as stopping criteria
and for updating the interpolation points. With the
use of the Arnoldi equations derived in Lemma 3.1,

expressions for the residual errors RB ðsÞ and RC ðsÞ,
defined in (8) and (9), can be derived. Using (8), (9)
and (14)
RB ðsÞ ¼ B ' Vm E'1
m ðsEm ' Am ÞXm ðsÞ

þ ðIn ' Pm Þvmþ1 CVm Xm ðsÞ
(
):
¼ ðIn ' Pm Þvmþ1 CVm ðsEm ' Am Þ'1 Bm þ bm
|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl} |fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl {zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl }
B~

R~B ðsÞ

ð23Þ

Using (12) another expression can be obtained as
(
)
RB ðsÞ ¼ vmþ1 CVm ðsIm ' Hm Þ'1 Lm þ bm :

Similarly a manipulation using (8), (9), (13) and
(15) gives
RC ðsÞ0

R~C ðsÞ0

C~
zffl
( fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl){ zfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflffl{
¼ cm þ Cm ðsEm ' Am Þ'1 BWm w0mþ1 ðIn ' Pm Þ
(
)
¼ Km ðsIm ' Fm Þ'1 BWm þ cm w0mþ1 :

ð24Þ

These expressions are simple generalizations for the
expressions for RB ðsÞ and RC ðsÞ0 for the standard
Arnoldi process in (10) and (11). It is also straightforward to verify that the forward error expression is
given by
"ðsÞ : ¼ GðsÞ ' Gm ðsÞ

HðsÞ

zfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflffl{
~ n ' AÞ'1 B~ R~B ðsÞ:
¼ R~C ðsÞ0 CðsI

ð25Þ

4.2. Linear Fractional Transformation Uncertainty
Modeling
Since the large order model GðsÞ is to be replaced by
the low order approximation Gm ðsÞ, it is useful to
regard Gm ðsÞ as a nominal model and GðsÞ as an
uncertain model. A very common way of relating the
nominal and uncertain models is through the use of
Linear Fractional Transformation (LFT) uncertainty
modeling [39]. In [31] the authors derived an expression of the system in terms of LFT’s using matrices
produced by the standard Lanczos algorithm. That
was possible because of the existence of the standard
Lanczos equations. In this section as an extension to
the work of [31], having derived the Arnoldi equations for the rational case, LFT expressions are
derived for the system using matrices produced by the
two-sided rational Arnoldi algorithm. Using these
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representations of the system simple error expressions
of the approximation will be derived for the rational
Krylov methods. Let
!
"
M11 M12
M¼
2 Cðp1þp2Þ&ðq1þq2Þ
M21 M22
and let ! 2 Cq2&p2 . The lower LFT with respect to ! is
defined as F l ðM; !Þ :¼ M11 þ M12 !ðIn ' M22 !Þ'1
M21 provided that ðIn ' M22 !Þ'1 exists.

Theorem 4.1. Let all variables be as defined in Lemma
3.1. Then
GðsÞ ¼ F l ðQm ðsÞ; !ðsÞÞ

ð26Þ

where
2

E'1
m Am

E'1
m Bm

s6
Qm ðsÞ ¼6
4 Cm
CVm

"

¼
s

!ðsÞ ¼

!

E'1
m B Wm

0
bm
R~C ðsÞ0

Gm ðsÞ
R~B ðsÞ

Q22 ðsÞ

cm
0
#

7
7
5

2
'1 0
'1
~
~
6A'BCVm Em Wm'Vm Em BWm C
4
w0mþ1 ðIn'Pm Þ

Therefore (26) follows from (28). Finally, (27) follows
from (26) and (29) by direct evaluation.
&

3
ðIn'Pm Þvmþ1 7
5(
0

s

1. ðHm , Lm Þ is an exact projection of the perturbed
system ðA ' !A ; B ' !B Þ where
! 0
"
Vm 0
:
½ !A !B * ¼ vmþ1 ½ CVm bm *
0 1

"ðsÞ :¼ GðsÞ ' Gm ðsÞ ¼
E'1
m Am

~
E'1
m BWm C 0

6
6 ~
6 BCVm
6
6 0
6
6
4
Cm

A~

0

0

E'1
m Am

cm C~

'Cm

E'1
m Bm
~ m
Bb
E'1
m Bm
0

3

7
7
7
7
7:
7
7
5

Furthermore; k½ !A

ð27Þ

Proof. It follows from Lemma 10.3 in [39] that
F l ðQm ðsÞ; !ðsÞÞ ¼ NðsÞ

ð28Þ

where
2

Another approach to modeling uncertainties is in
terms of norm-bounded uncertainties on the statespace data. Since Gm ðsÞ is taken to be an approximation of GðsÞ, an interesting question is whether Gm ðsÞ
is a minimal realization for a perturbed realization for
GðsÞ. Using the Arnoldi equations derived in Section 3
we have the following results which relate the reduced
order system data to rank one perturbations of the
original data.
Theorem 4.2. Let all variables be as defined in Lemma
3.1. Then

Furthermore,

2

and using the Arnoldi equations (14) and (15) gives
2
3
'1
'1
~
E'1
A
E
B
E
B
C
m
W
m
m
m
m
m
7
s6
NðsÞ ¼6
A
B 7
4 0
5
0
C
0
!
"
B
s A
¼
¼ GðsÞ:
C
0

4.3. Norm-bounded Uncertainty Modeling

"
B~
:¼
0

A~
C~

3

Applying a similarity transformation on NðsÞ with left
and right transformation matrices given by
"
#
0
'E'1
Im
m Wm
;
TL ¼
0
Vm Im ' Vm E'1
m Wm
!
0 "
0
E'1
m Wm
TR ¼
;
'Vm
Im

E'1
m Am

s6
~
NðsÞ ¼6
4 BCVm

Cm

~
E'1
m B Wm C
A~
cm C~

E'1
m Bm

3

7
~ m 7:
Bb
5
0

ð29Þ

!B *k ¼ k½ CVm

bm *k.

2. ðFm , Km Þ is an exact projection of the perturbed
system ðA ' !A ; B ' !B Þ where
"!
!
" !
"
!A
Wm 0 BWm 0
¼
wmþ1 :
!C
0
1
cm
#
$
Furthermore, k½ !0A !0C *k ¼ k B0Wm c0m k.

'1
3. ðE'1
m Am , Em Bm Þ is an exact projection of theperturbed system ðA ' !A ; B ' !B Þ where

½ !A

!B *

#
¼ ðIn ' Pm Þvmþ1 CVm E'1
m

bm

!
$ W0m
0

0
1

"

:
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Furthermore,
k½ !A$ !B *k /
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi)ffiffi #
r
(
'1
bm k.
2 k CVm Em
'1
0
1 þ kEm Wm vmþ1 k

'1
4. ðAm E'1
m ; Cm Em Þ is an exact projection of the perturbed system ðA ' !A ; C ' !C Þ where
"!
!
" !
"
!A
Vm 0 E'1
m BWm w0
¼
mþ1 ðIn ' Pm Þ:
0 1
!C
"cm

h
~0
Furthermore,
k !
A
r(
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi)
ffiffiffi
# '1
'1 0
2
0
1 þ kðEm Þ Vm wmþ1 k k ðEm BWm Þ0

i
~0 k /
!
C
$
0 k:
cm

Proof. The results in 1. and 2. follow by rewriting (12)
and (13) as
Vm Hm ¼ ðA ' vmþ1 CVm V0m ÞVm ;
Vm Lm ¼ B ' vmþ1 bm ; and

Fm W0m ¼ W0m ðA' Wm BWm w0mþ1 Þ;
Km W0m ¼ C ' cm w0mþ1 ;

respectively, using W0mþ1 Wmþ1 ¼ V0mþ1 Vmþ1 ¼ Imþ1 .
Since Vmþ1 and Wmþ1 are orthonormal, it is clear that
the norm of the perturbation of the perturbed systems
are as given in the theorem.
The results in 3. and 4. follow by rewriting (14) and
(15) as
+
,
'1 0
Vm E'1
m Am ¼ A ' ðIn ' Pm Þvmþ1 CVm Em Wm Vm ;
ðIn ' Pm Þvmþ1 bm ; and
Vm E'1
m Bm ¼ B ' +
,
0
0
'1
0
W
¼W
Am E'1
m
m
m A'Vm Em BWm wmþ1 ðIn 'Pm Þ ;

0
0
Cm E'1
m Wm ¼C'cm wmþ1 ðIn 'Pm Þ;

respectively, using W0mþ1 Wmþ1 ¼ V0mþ1 Vmþ1 ¼ Imþ1 ,
0
0
Em ¼ W0m Vm and Pm ¼ Vm E'1
m Wm . Using Vm Vm ¼
0
'1 0
Wm Wm ¼ Im and Pm ¼ Vm Em Wm we can also prove
the bound on the perturbation of the system in case 3.
as follows.
#
$
k½!A !B *k / kðIn ' Pm Þvmþ1 kk CVm E'1
m bm k
qffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
¼ v0mþ1 ðIn ' P0m ÞðIn ' Pm Þvmþ1
#
$
& k CVm E'1
m bm k
qffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
¼ ð1 þ v0mþ1 P0m Pm vmþ1 Þ
#
$
& k CVm E'1
m bm k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi)ffiffi
r(
2
0
¼
1 þ kE'1
m Wm vmþ1 k
#
$
& k CVm E'1
m bm k:
The bound on the norm of perturbation of the system
in case 4. can be obtained by following similar steps.
&

5. Adaptive Schemes for the Rational
Methods
The problem in adaptive rational methods is to decide
on the next interpolation point on every iteration. The
interpolation point selection problem, for example,
often appears in cases where simulation of large-scale
circuits is required. In [11] the authors use the Arnoldi
algorithm to produce a number of interpolating
approximations of the original system around single
expansion points and using the resulting approximations they compute approximations of some poles and
residues of the system. They suggest to use a subset of
the approximated poles as interpolation points.
Another interesting method for interpolation point
selection in the area of circuits and systems is related
to series expansions based on orthonormal polynomials, such as Chebyshev polynomials, and to series
expansions based on generalized orthonormal basis
functions in Hilbert and Hardy spaces [38].
The adaptive method presented in this paper uses a
different approach and is more related to the approaches used in the following. Grimme in his thesis [20]
explains the interpolation point selection problem in
terms of approximating the eigenvalues of the original
system. According to his observations, Grimme suggested using a combination of real and imaginary
interpolation points which are logarithmically or linearly spaced on the real and imaginary axis. Given a
sufficient number of interpolation points one can obtain
reduced models that are good approximations of the
original system. However the appropriate number of
points cannot be known a priori. In his thesis he also
suggested a method for determining the order and the
choice of the imaginary interpolation points adaptively
on every iteration of the rational Krylov algorithms.
The suggested approach tends to reduce the H1 norm
of the transfer function of the residual errors or the H1
norm of the transfer function of an error estimate of the
approximation at each step. Error estimation expressions and residual error expressions have also been
derived in [5, 17, 21]. The authors in [10, 17, 28] use the
same adaptive approach to choose the next interpolation frequency among a fixed set of interpolation points
by using expressions related to the moments errors and
[13] chooses a single interpolation point in the frequency
range of interest. The material presented in this section
addresses similar issues as above through the use of
Arnoldi-like equations for the rational case.
The adaptive rational Arnoldi procedure given in
Algorithm 3 below computes the bases Vm and Wm of
the union of Krylov subspaces as defined in Theorem
2.1 where the interpolation points sk 2 S and s~k 2 S~ are
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computed adaptively; on every iteration the next
interpolation points are computed to be the frequencies at which the H1 norm of an error expression is
achieved. For simplicity of presentation it is assumed
that msk ¼ m~sk ¼ 1 and that si 6¼ sj and s~i 6¼ ~sj for i 6¼ j.
One could choose to perform multiple iterations
before selecting a new interpolation point by setting
the multiplicities msk ¼ ms~k > 1. A number of different options for the error expression to be computed in
line 28 can be chosen depending on the available
computational power or time constraints.
Exact expressions for the forward error were
derived in (25) and (27). Evaluating these expressions
on every iteration is not efficient since they involve
terms related to the large-scale system. The residual
errors RB ðsÞ and RC ðsÞ on the other hand involve
terms related to the reduced system only and their
computation on every iteration is feasible. Even
though the computation of the residual errors may not
be a good approximation of the forward error, it is a
common observation that small residual errors at a

given frequency imply small forward error at that
frequency [20]. This makes the residual error expressions a good choice to minimize on every iteration of
the Krylov algorithms. For even less computational
effort one could use just the frequency dependent
terms of the residual errors defined in (23) and (24).
For the forward error expressions defined in (25)
and (27) to involve only reduced order terms one
could use their approximations as
"^Hr ðsÞ ¼ R~0 ðsÞHr ðsÞR~B ðsÞ
ð30Þ
C

and

2

'1
~
E'1
m Am Em BWm Cr 0

6
6
6 B~r CVm
s6
"^!r ðsÞ¼6
6 0
6
6
4 Cm

A~r
0

0
E'1
m Am

cm C~r 'Cm

Algorithm 3 Adaptive rational Arnoldi algorithm
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:
35:

Inputs: System matrices A,B,C, tolerance > 0; s~1 ¼ s1 ;
Initialize: Vm ¼ ½ *; Wm ¼ ½ *; S ¼ fs1 g, S~ ¼ f~
s1 g; ms1 ¼ m~s1 ¼ 1; k ¼ 1; j ¼ 0
while j < m
if fsk ¼ 1g; v^jþ1 ¼ B; else v~jþ1 ¼ ðsk In ' AÞ'1 B; end
~jþ1 ¼ C0 ; else w
~jþ1 ¼ ðsk In ' AÞ'1 0C0 B; end
if fsk ¼ 1g; w
if ðj > 1Þ
~jþ1 ¼ w
~jþ1 ' Wm Wm 0 w
~jþ1 ;
v~jþ1 ¼ v~jþ1 ' Vm Vm 0 v~jþ1 ; w
~jþ1 ¼ w
~jþ1 ' Wm Wm 0 w
~jþ1 ;
v~jþ1 ¼ v~jþ1 ' Vm Vm 0 v~jþ1 ; w
end
~jþ1 k < tolerance, Stop end
if k~
vjþ1 k or kw
~
v~jþ1
w
vjþ1 ¼ k~vjþ1 k; wjþ1 ¼ kw~jþ1
;
jþ1 k
#
$
#
$
Vm ¼ Vm vjþ1 ; Wm ¼ Wm wjþ1 ; j ¼ j þ 1;
for i ¼ 1 ! msk ' 1
if {sk ¼ 1g, v~jþ1 ¼ Avj g; else v~jþ1 ¼ ðsk In ' AÞ'1 vj ; end
~jþ1 ¼ A0 wj ; else w
~jþ1 ¼ ðð~
if {~
sk ¼ 1g, w
sk In ' AÞ'1 Þ0 wj ; end
0
~jþ1 ;
~jþ1 ¼ w
~jþ1 ' Wm Wm 0 w
v~jþ1 ¼ v~jþ1 ' Vm Vm v~jþ1 ; w
~jþ1 ;
~jþ1 ¼ w
~jþ1 ' Wm Wm 0 w
v~jþ1 ¼ v~jþ1 ' Vm Vm 0 v~jþ1 ; w
~jþ1 k < tolerance, Stop end
if k~
vjþ1 k or kw
~jþ1 =kw
~jþ1 k;
vjþ1 ¼ v~jþ1 =k~
vjþ1 k; wjþ1 ¼ w
Vm ¼ ½Vm vjþ1 *; Wm ¼ ½Wm wjþ1 *; j ¼ j þ 1;
end
Generate the terms involved in the Arnoldi equations as in Lemma 3.1;
v~mþ1 ¼ Am1 B; v~mþ1 ¼ v~mþ1 ' Vm V0m v~mþ1 ; v~mþ1 ¼ v~mþ1 ' Vm V0m v~mþ1 ;
~mþ1 ; w
~mþ1 ;
~mþ1 ¼ Am1 0 C0 ; w
~mþ1 ¼ w
~mþ1 ' Wm W0m w
~mþ1 ¼ w
~mþ1 ' Wm W0m w
w
~mþ1 =kw
~mþ1 k;
vmþ1 ¼ v~mþ1 =k~
vmþ1 k; wmþ1 ¼ w
Am ¼ W0m AVm ; Em ¼ W0m Vm ; Bm ¼ W0m B; CVm ¼ v0mþ1 AVm ; bm ¼ vmþ1 B;
Cm ¼ CVm ; BWm ¼ W0m Awmþ1 ; cm ¼ Cwmþ1 ;
Compute an error expression "^ðsÞ; (e.g. "^ðsÞ ¼ R~B ðsÞ)
"^ðsÞ ¼ CVm ðsEm ' Am Þ'1 Bm þ bm ;
Obtain next interpolation point skþ1 ¼ ~
skþ1 at which k^
"k1 is achieved;
if k^
"k1 < tolerance stop; end
~ ¼ fS;
~ s~kþ1 g; ms ¼ m~s ¼ 1;
S ¼ fS; skþ1 g; S
kþ1
kþ1
½n; j* ¼ sizeðVm Þ; k ¼ k þ 1;
end
Outputs : Vm ¼ ½v1 ; . . . ; vm *; Wm ¼ ½w1 ; . . . ; wm *;

E'1
m Bm

3

7
7
7
7
7
'1
Em Bm 7
7
7
5
0

B~r bm

ð31Þ
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Table 1. Error Estimates
Error estimate "^ðsÞ
"^RB , "^RC

Description
These are the frequency dependent parts of the residual errors defined in (23) and (24).

"^Hsingle , "^!single

These are the forward error estimations defined in (30) and (31) where Hsingle
ðsÞ or !single
ðsÞ
1
1
are obtained by single point interpolation at the last points added in S and S~ on the given iteration.

"^Hextended , "^!extended

These are the forward error estimations defined in (30) and (31) where Hextended
ðsÞ or !extended
ðsÞ
mþ1
mþ1
are extended versions of single point interpolations obtained by projection with the bases
~ ¼ ½Wm ; w*
^ 2 Cn&mþ1 where v^; w
^ are the columns obtained
V~ ¼ ½Vm ; v^* 2 Cn&mþ1 and W
by single interpolation as described above and orthogonalized with respect to the bases
Vm and Wm constructed on the given iteration.

"^Hrational , "^!rational

These are the forward error estimations defined in (30) and (31) where Hrational
ðsÞ or !rational
ðsÞ
k
k
~
are obtained by rational interpolation at the points in S and S.

1

mþ1

k

1

mþ1

k

Fig. 1. Singular values plots for the models rnd500 and 1riis11

s
~ 0Þ
~ C,
where Hr ðsÞ is an approximation of HðsÞ¼ðA, B,
defined in (25) by the projection
s
~ '1 W
~ 0 AV;
~ '1 W
~ 0 B;
~ C~V;
~ 0Þ;
~ 0 VÞ
~ ðW
~ 0 VÞ
Hr ðsÞ ¼ððW

and the triple ðA~r , B~r , C~r Þ is obtained by an apps ~ ~ ~
roximation !r ðsÞ of !ðsÞ¼ðA,
B, C, 0Þ defined in
Theorem 4.1 by the projection
s
~ '1 W
~ 0 A~V~; ðW
~ '1 W
~ 0 B~; C~V~ ; 0Þ
~ 0 VÞ
~ 0 VÞ
!r ðsÞ ¼ððW
|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl} |fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl} |{z}
A~r

B~r

Remark 5.1 A full theoretical analysis of the computation complexity involved in the proposed adaptive
methods is out of the scope of this paper. However we
note that all the complex computations are at level m
and can be considered as low cost operations.
A list of suggestions for the error estimates "^ðsÞ to
be used in line 28 of Algorithm 3 is given above in
Table 1.

C~r

~ 0 VÞ
~ is non-singular. The bases V~ and W
~
assuming ðW
are constructed by the rational Arnoldi algorithm
given in Algorithm 2. Note that the order of the forward error estimates is 2m þ r < n where r is the order
of approximation of HðsÞ or !ðsÞ. Different methods
of approximation of HðsÞ and !ðsÞ depending on
the available computational power and the time
constrains result in different error estimates and
therefore different adaptive schemes.

6. Numerical Examples
In this section the evaluation and comparison of the
methods suggested in this paper is obtained by
applying model reduction on two stable models whose
singular values plots are given in Fig. 1 above. Model
rnd500 is a random model of order n ¼ 500 generated
by the rss function in MATLAB [29], while 1riis11 is a
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model of order n ¼ 270 with transfer function being
equal to the ð1; 1Þ transfer function of the component
1r of the International Space Station and is frequently used as a benchmark for model reduction of
large-scale systems [1, 9]. Note from the frequency
response plots in Fig. 1, that both models exhibit
complex dynamics and are therefore difficult to
approximate.
To compare the performance of the adaptive algorithm using the various error estimates given in Table
1, Algorithm 3 was used for each one of them. To
measure the accuracy of the approximations, in each
case the relative H1 error which is defined as
E 1 :¼ kG ' Gm k1 =kGk1 , was computed for different
values of m and the results are shown in Fig. 2. The
results are also compared with the performance of
balanced truncation and to the results of rational
Arnoldi method interpolating at random interpolation points on the imaginary axis.
Observing part (a) of Fig. 2 it is evident that a careful
selection of interpolation points using information from
the residual errors produces greatly improved approximations with lower relative error compared to the
approximations obtained by the rational Arnoldi
method at randomly selected interpolation points. As
expected in all the cases the relative error tends to
decrease as the order of approximation increases and the
relative error tends to decrease faster when the interpolation points are computed using more accurate error
estimates. Observing part (c) of the same figure it can be
noticed that the error estimate "^!single which is of order
1
2m þ 1 seems to possess nearly identical information
about the real error expression as the error estimate
"^!extended which is of order 3m þ 1.

7. Conclusions
The work of this paper develops Arnoldi-like and
Lanczos-like equations for the rational case in the
standard form. The main additional cost for deriving
these simple expressions is an extra iteration of the
algorithms which does not require the computation of
the inverse of any matrix; due to the low cost the
methods can be applied efficiently for the approximation of large-scale systems. Using the Arnoldi and
Lanczos-like equations simple residual error expressions and forward error approximations have also
been developed. The residual error expressions as well
as the approximations of the forward error expressions
derived, contain reduced terms only and can be computed efficiently on every iteration providing useful
information about the selection of the interpolation
frequencies at which the moments should be matched.
The adaptive method developed tends to reduce the
error in the range of frequencies where there is useful
information without a priori knowledge of the original
system and improves greatly the approximations
obtained by the rational Arnoldi methods.
Thus we suggest to use the more expensive "^ðsÞ when
time constraint is not the main concern or a less
expensive "^ðsÞ for faster computation. Alternatively a
combination of the interpolation point selection methods could be used such that an expensive, and hence
more accurate, method can be used while the order of
the system remains small and a less expensive method
could be used when the order m becomes larger.
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